We prove that if m is odd then a partial m-cycle system on n vertices can be embedded in an m-cycle system on at most m((m -2)n(n -1) + 2n + 1) vertices and that a partial weak Steiner m-cycle system on n vertices can be embedded in an m-cycle system on m(2n + 1) vertices.
Introduction and notation
Let V(G) and E(G) denote the vertex and edge sets of a graph G respectively. Let Z, = (0, 1, . . . , n -l}. Let K,, be the complete graph on n vertices. An m-cycle is a simple graph with m vertices, say uo, . . . , u,__~ in which the only edges are uou,_i and the edges joining ui to Ui+l (for 0 s i 6 m -2). We represent this cycle by (uo, . . . , u,_J or (uo, u,_~, u,_~, . . . , ul) or any cyclic shift of these. A (partial) m-cycle system is an ordered pair (V, C(m)) where C(m) is a set of edge-disjoint m-cycles which partition (a subset of) the edge set of the complete graph with vertex set V.
A partial m-cycle system (Z,, C,(m)) is embedded in an m-cycle system (Z,, C,(m)) if C,(m) G C,(m). A natural problem then is to find as small a value of v as possible so that every partial m-cycle system on n vertices can be embedded in an m-cycle system on v vertices. The best result to date is Wilson's theorem [ll] which shows that all partial m-cycle systems can be finitely embedded, but the size v of the m-cycle system is an exponential function of n. (Of course, Wilson's result is proved for the embedding of partial graph decompositions in general, not just for m-cycle systems.) The only other results related to this problem deal with the particular case when m = 3. A 3-cycle system is more commonly known as a Steiner triple system. Originally, a finite embedding of a partial Steiner triple system on n vertices in a Steiner triple system on u vertices was found by Treash [lo] , but v is an exponential function of n. Gradually over the years, several results [l, 61 have culminated in reducing v to at most 4n + 1.
In this paper we show that if m is odd then any partial (Z,,, C,(m)) can be embedded in a (Z,, C,(m)) where v 6 m((m -2)n(n -1) + 2n + 1). Apart from partial Steiner triple systems, even if C(m) is replaced by a set of edge-disjoint copies of any graph G, the results we prove here are the only known embeddings in which v is a polynomial function of n. The techniques that we use are generalizations of the techniques used in the 6n + 3 embedding of partial Steiner triple systems [6] . The construction of m-cycle systems that we use has proved to be extremely versatile, lending itself to the solution of nesting and almost resolvability of m-cycle systems [5, 7, 81 in addition to the embedding results that we obtain in this paper.
We can dramatically improve upon our result if the partial m-cycle system satisfies one further property. A (partial) weak Steiner m-cycle system is a (partial) m-cycle system in which for each pair of vertices there exists (at most) one m-cycle in which the two vetices are distance [9] .) Here we prove that a partial weak Steiner m-cycle system on n vertices can be embedded in an m-cycle system on v vertices where v = m(2n + 1). We then use this result to embed partial m-cycle designs in general.
Let AK,, denote the graph on n vertices in which each pair of vertices is joined by exactly A edges. Some results have been obtained on the generalized embedding problem when K, is replaced by AK,. However is has been proved [3] that if there is a "small" embedding when r3. = 1 then there is also a "small" embedding for all J. > 1, so the case when 3L = 1 is clearly of most interest.
All graphs in this paper are simple. See [2] for any graph theoretical terms that are not defined. Throughout the rest of this paper we shall assume that m is odd and at least 3. Let [x] denote the greatest integer less than or equal to X.
Preliminary results
For the purpose of this paper (see also [5, S] ), define the m-nesting sequence , I), (1, I), . . . , (m -1, 1) )) U (( (6 O), (i, l) 11, (1,2), 0,3), (2,0), (2, l)), ((2, 11, c&2), (2, 31, (3,0), (3, I) ), 11, (39% (3931, (4, O), (4, I)), ((4, 11, (4,2), (4, 31, (0, 01, (0, 1)) ). A 11, (1, 11, (2, 11, (3, 11, (4, I) ), ((0, 01, (0, 11, (0,2), (0, 3), (1, O) We now present two ingredients that we need for our basic construction of m-cycle systems that is defined in Lemma 2.8. The first is the following m-cycle system.
A,(5) = {(('

Theorem 2.5 [2]. There exists an m-cycle system (Z,, C(m)) (that is, a humiltoniun decomposition of K,).
Secondly, a quusigroup (Q, 0) is a set Q with a binary operation 0 such that for all a, b E Q, there is exactly one x and one y such that a ox = b and you = b; (Q, 0) is a partial quasigroup if the condition exactly one is relaxed to at most one. (Q, 0) is idempotent if for all x E Q, x0x =x and is symmetric if xoy =y ox for all x, y E Q. We shall use Cruse's theorem. Having defined a symmetric idempotent quasigroup, it is then possible to use it to construct an m-cycle system, as the following shows. Let (V(x), H(m, x) s such that d,,, -d, (modm) = bi -b2 or d,,, -d , (modm) = bZ-bI (but not both); then (aI, bl)(uz, b2) is in the m-cycle ( al, a27 a1 OU2, 1 d,+j, d,+j,. . 
Embedding results
In this section we prove two embedding results, one for partial weak Steiner m-cycle systems and then one for partial m-cycle systems. Finally, we use Theorem 3.1 to obtain a small embedding for partial m-cycle systems. Similarly, for each u E C,(m) construct a partial m-cycle system (V(u), Az(m, u)) that is isomorphic to (Zm X Zm_-l, A,(m)) (of course, the same isomorphism from V(u) to Z, x Z,_, is used to form (V(u), A,(m, u) ) and (V(u), A,(m, u) ). Then by Lemma 2. 
